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Background

3

• CO2 Emission
� Total U.S. energy-related emissions of carbon dioxide (CO2) by the

electric power sector in 2012 were 2,039 million metric tons, or about
77% of total U.S. CO2 emissions.

� CO2 emissions from U.S. electricity generation by source, 2012

EIA, 2013. http://www.eia.gov/tools/faqs/faq.cfm?id=77&t=11
EIA, 2013. International Energy Statistics. http://www.eia.gov/cfapps/ipdbproject/iedindex3.cfm?tid=90&pid=44&aid=8
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Source of Air Pollution

• U.S. Coal-fired Power Plant
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U.S. coal power plant

77% (2012)� 43% (2030)
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Cap-and-Trade Regulation

• Economic solutions to environmental externalities, such as
the air pollution, often include emissions taxes and permit
trading systems.

• Policy-makers need to determine the marginal abatement
costs (MAC) or shadow prices (SP) of pollutants to represent
the costs of reducing one extra unit of pollutant.

• The emission trading mechanism is based on Coase’s
assertion (Coase, 1960) that if trading in an externality and
absent a transaction cost, bargaining will lead to an efficient
outcome regardless of the initial allocation of property rights
trading.
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How much does it cost to abate 
one ton of pollutant emission?
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Literatures

• The shadow prices (SP) of pollutants are used as a reference value
to the allowance price in the emission trading market (Lee et al.,
2002).

• We can estimate the marginal product (MP) to derive the shadow
price (Keilback, 1995), which is a differentiable characteristic of the
production function.
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Literatures

• Profit Maximization

π ��, �� , �� = max�,�,� ��� � − ��� � − ��� �	
s. t. � �, �, � = 0 (Production Transformation Function)

• Lagrange function: max	�,�,� ��� � − ��� � − ��� � + !� �, �, �
• First-order conditions (FOCs): 

� ��" + ! #$ �,�,�#�" = 0
� −��% + ! #$ �,�,�#�% = 0
� −��& + ! #$ �,�,�#�& = 0
� � �, �, � = 0

8



Productivity Optimization Lab Dr. Chia-Yen LeeMarginal Abatement Cost

Literatures

• Marginal Abatement Costs

• ��% = ��" #$ �,�,�
#�% / #$ �,�,�#�"

• ��% = ��" #() �,�,�;+,,+-
#�% / #() �,�,�;+,,+-

#�"

• The equation is used to estimate the shadow price �� of
pollutant �, where �� is the price of desirable output � and

./ �, �, �; 0�, 0� is the directional output distance function (see
Lee et al., 2002; Färe et al., 2005).

• How to estimate 
#() �,�,�;+,,+-

#�% or 
#() �,�,�;+,,+-

#�" ?
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Literatures

• Stochastic Frontier Analysis (SFA) (Färe et al., 2005)
� Parametric method
� Translog functional form
� Directional distance function
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Literatures

• Data Envelopment Analysis (Lee et al. 2002)
� Nonparametric method
� Directional distance function
� Dual variables

11



However…

Previous studies have estimated the 
shadow prices of individual 

undesirable outputs separately.
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Literatures

• This equation �� = �� #() �,�,�;+,,+-
#� / #() �,�,�;+,,+-

#� , which

takes derivatives with respect to one specific undesirable
output to estimate its shadow price, implicitly assumes that a
firm can generate only one type of pollutant at a time when
increasing one extra unit of input.

• That is, estimating the shadow price of SO2 is independent of
estimating the shadow price of NOx.

• In reality, the production process generates multiple
undesirable outputs simultaneously when producing desirable
outputs. Thus, estimating shadow prices separately may lead
to an overestimation of marginal productivity and an
underestimation of shadow price.
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Literatures

• Desirable Output Substitution with One Extra Unit of Input 

• Substitutability among undesirable outputs (Färe et al., 2012)
14

Lee (2013)



How to estimate the marginal effects of 
multiple good and bad outputs when 
increasing one extra unit of input?
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Marginal Product (MP)

• Marginal Product ��� = #1(�)
#� 2��

• Podinovski and Førsund (2010) propose a directional
derivative technique to assess the marginal product of a
nondifferential efficient frontier constructed by the data
envelopment analysis (DEA )estimator.

#3"∗5
#�&∗5 = 67∗8∗9:(;� = Min	?7∗
Subject to

∑ ?7A797 − ∑ B8C898 + BD = 0
∑ ?7A7E7 − ∑ B8C8E8 + BD ≥ 0, ∀H
B8∗ = 1
?7 , B8 ≥ 0, BD is free
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Production Function

ExpansionContraction
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Directional Marginal Product (DMP)

• Directional Marginal Product (DMP) (Lee, 2014)
� Given (0�J , 0�K) a variant of directional distance function technique can

generate this “direction”.
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Directional Marginal Product with Bad Output

• Kuosmanen and Podinovski (2009) introduce the weak disposability
property which forms a convex technology with undesirable
outputs.

• MP for multiple outputs given a pre-determined direction (03", 0L%)
Min	?7∗
s.t. ∑ ?7 �&5

�&MNO7 − ∑ B8 3"5
3"MNO8 +∑ PQ L%5

L%MNOQ + BD = 0
∑ ?7 �&R

�&MNO7 − ∑ B8 3"R
3"MNO8 + ∑ PQ L%5

L%MNOQ + BD ≥ 0, ∀H
∑ ?7 �&R

�&MNO7 + BD ≥ 0, ∀H
∑ B803"8∈T∗ + ∑ PQ0L%Q∈U∗ = 1
?7 , B8 ≥ 0, PQ, BD are free
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�(C89 , VQ9)�A7∗9 = ?7∗ 03"C8WX� , −0L%VQWX� /A7∗WX�

Directional Marginal Product (DMP))

Note: ∑ 03"8∈T∗ + ∑ 0L%Q∈U∗ = 1 for unit simplex (Färe et al., 2013)
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Directional Marginal Product with Bad Output
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Lee (2014)
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Marginal Abatement Costs of Pollutants

• Shadow Prices of Pollutants ��%
• ��% = ��" #$ �,�,�

#�% / #$ �,�,�#�" = ��" #�"
#�% = ��" #�"

#�& /
#�%
#�&

• Given direction vector (03", 0L%)
•

#�"
#�& ,

#�%
#�& : DMP of good output and bad output
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�(C89 , VQ9)�A7∗9 = ?7∗ 03"C8WX� , −0L%VQWX� /A7∗WX�

Directional Marginal Product (DMP)

Directional Shadow Price (DSP)
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Empirical Study

• 2010 US Coal Power Plants
• 48 observations of state-level dataset
• Inputs and Outputs

� One desirable output: the annual amount of electricity generated by
coal in Megawatt-hours (MWh).

� Three undesirable outputs: the annual amount in tons of CO2, SO2 and
NOx.

� One input: the annual amount in tons of coal consumption.

� The average electricity price (�� ) is a weighted calculation among
residential, commercial and industrial prices measured in dollars per
MWh.
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Empirical Study

• DMP and DSP of CO2 and SO2
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Empirical Study

• Direction Generation (0LY)K,	0LZ)K,0L[)O)
� Through a literature-based method, we found that the direction

(0LY)K,0LZ)K, 0L[)O)=(0.048, 0.508, 0.444).
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 Method Literature-based Method Individual-SP 

 
Direction 

(0V\]2 ,0V_] 2 ,0V`]� ) 
0.048 0.508 0.444 

Direction 

(0V\]2 ,0V_] 2 ,0V`]� ) 
0.045 0.631 0.324 

Boyd 

et al. 

(1996) 

DSP 128 3212 17983 DSP 131 2478 23615 

Benchmarking Ratio 

(DSP/MSPL) 
1.03 1.03 1.03 

Benchmarking Ratio 

(DSP/ISP) 
1.85 1.838 2.16 

Turner 

(1995) 

DSP 125 3121 17470 DSP 128 2410 22965 

Benchmarking Ratio 

(DSP/MSPL) 
1.01 1.01 1.01 

Benchmarking Ratio 

(DSP/ISP) 
2.06 1.82 3.04 
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Empirical Study

24

51 124 136

Average Price of CO2 ($/ton)

Harkness

(2006)

(translog)

Present study

(individual)

Present study

(DSP)

61 88

Matsushita &

Yamane (2012)

(quadratic DDF)

18

Rezek & Campbell

(2007)

(entropy)

16

Park & Lim (2009)

(translog)

21

Gupta (2006)

(translog)

35

• Comparison of studies for shadow price estimations in electric
power sectors
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Empirical Study

• Comparison of studies for shadow price estimations in electric
power sectors
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Empirical Study

• Comparison of studies for shadow price estimations in electric
power sectors

26

1098 3671 11679 17393

Average Price of NOx ($/ton) Mekaroonreung

& Johnson (2012)

(CNLS)

Turner (1995)

(DEA)

Lee et al. (2002)

(DEA)

Present study

(individual)

11149 19049

Present study

(DSP)

Rezek & Campbell

(2007) (entropy)

1056



Productivity Optimization Lab Dr. Chia-Yen LeeMarginal Abatement Cost

0

100

200

300

400

500

1990 1995 2000 2005 2010

CO2 (US$)

$/ton

for CO2 Directional Shadow Price of CO2

year
0

5000

10000

15000

20000

25000

30000

35000

0

2000

4000

6000

8000

1990 1995 2000 2005 2010

SO2  (US$) Allowance price of SO2

NOx (US$) Allowance price of NOx

$/ton

for SO2

$/ton

for NOxDirectional Shadow Price

year

Empirical Study

• DSP of pollutants in 1990-2010

� The DSPs of SO2 and NOx rise gradually due to a successful emission
reduction and Clean Air Interstate Rule (CAIR) beginning in 2010.

� Allowance prices rose in 2003 & 2006 since CAIR provided incentives for
utilities to purchase allowances and bank them for future use.

� After 2005, emission levels fell because of the increased use of gas-fired
boilers and pollution control equipment. Thus, an excess supply of allowances
in the market caused allowance market prices to fall.
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Conclusions

• Theoretical Benefits
�Directional marginal product
�Directional shadow price estimation of bad outputs
�Shadow price substitution of bad outputs
�Comparison of previous studies: addressing the issue

• estimating shadow prices separately may lead to an overestimation
of marginal productivity and an underestimation of shadow price

• Practical Benefits
�Provide environmental policy guidelines

• the allowance price in emission trading markets

�Bargaining � Reasonable marginal abatement cost (MAC)
�Support Cap-and-Trade regulation
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Lee and Zhou (2015)
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Any other issues in MAC 
estimation?
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Remaining Issues…

• Issue1: direction used for projecting inefficient firms to frontier will
significantly affect the MAC estimation (Lee et al. 2002; Zhou et al. 2014)

• Issue2: average or weighted average of multiple firm-specific MACs
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Lee et al. (2002)



“Nash Marginal Abatement Costs!”

see you in APPC2016…
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Thanks for your attention!

Q&A


